A general theory of superconductivity is formulated within the thermodynamic Green function method for various types of pairing mediated by phonons, spin fluctuations, and strong Coulomb correlations in the Hubbard and t-J models. A rigorous Dyson equation for matrix Green functions is derived in terms of a self-energy as a many-particle Green function. By applying the noncrossing approximation for the self-energy, a closed selfconsistent system of equations is obtained, similar to the conventional Eliashberg equations. A brief discussion of superconductivity mediated by kinematic interaction with an estimation of a superconducting transition temperature in the Hubbard model is given.
Introduction
Thermodynamic, retarded and advanced Green functions (GFs) introduced by Bogoliubov and Tyablikov in a seminal work [1] was used soon afterwards in the studies of superconductivity within the Bardeen-Cooper-Schrieffer (BCS) model [2] as discussed by Zubarev in his famous review on the double-time GF in the statistical physics [3] . At the same time, Zubarev formulated a theory of superconductivity for an electron-phonon system based on the equation of motion method for GFs [4] . The paper was submitted for publication only two months following the paper by Eliashberg [5] where the temperature diagram technique was used in describing superconductivity in electron-phonon systems. Zubarev formulation did not attract much attention in succeeding years, while the Eliashberg theory was frequently used and his formulation became known as the Eliashberg (or Migdal-Eliashberg) theory of superconductivity for electron-phonon systems. The real advantage of the Eliashberg formulation is that it permits to consider a strong coupling limit by using a skeleton diagram technique. In Zubarev formulation based on a subsequent differentiation of GFs over the same time, it is impossible to employ the skeleton diagram technique. However, by differentiating the GFs over two times, this problem can be easily solved and the Eliashberg type equations can be formulated in a very simple and transparent way for any model of electronboson interaction as was shown by Vujičić et al. [6] . This method within the Mori-type projection technique was used later in order to study superconductivity in the t-J model [7] [8] [9] and the Hubbard model [10] . In those models written in terms of the Hubbard operators, the application of the diagram technique is rather involved and demands a summation of an infinite set of diagrams (see, e.g. [11] ). A systematic investigation of superconductivity within the t-J model by the Hubbard operator diagram technique was performed by Izymov et al. [12, 13] .
In the present paper we give a general formulation of a theory of superconductivity by applying the equation of motion method to the thermodynamic GFs. We consider several models where superconducting pairing is mediated by electron-phonon and spin-fluctuation interactions, or by a kinematic interaction originating from strong Coulomb correlations, as in the Hubbard and t-J models. In our formulation the matrix self-energy operator, derived as a many-particle GF, is calculated in the noncrossing approximation (NCA), or equivalently, the self-consistent Born approximation (SCBA). In this approximation vertex corrections are neglected as in the Migdal-Eliashberg theory. For the electron-phonon system the vertex corrections are small in the adiabatic approximation, as shown by Migdal. There are no small parameters for spin-fluctuation or kinematic interactions and vertex correction may be important in obtaining quantitative results. However, in the NCA the self-energy is calculated self-consistently enabling us to consider a strong coupling limit which plays an essential role both in renormalization of quasiparticle spectra and in superconducting pairing. Thus, this approach can be considered as the first reasonable approximation.
The paper is organized as follows. In the next section the Dyson equation is derived by using the equation of motion method for a general fermion-boson type interaction. A self-consistent system of equations for the Hubbard model and the t-J model are obtained in section 3 and an estimation of superconducting T c is given in the weak coupling approximation. Conclusions are presented in section 4.
Eliashberg equations for fermion-boson models

Dyson equation
Let us consider a general model for electron interaction with phonons and spin fluctuations:
where p = (p, σ) denotes the momentum p and the spin σ = +(↑), −(↓) of an electron with the energy ε(p) = (p) − µ measured from the chemical potential µ. The matrix element of the interaction has two contributions:
The first term is electron scattering on lattice charge fluctuations ρ q (phonons) and the second is scattering on spin fluctuations S α q whereτ α σ,σ is the Pauli matrices. The scalar product of spin operators in (2) is convenient to write in the form α S α qτ
. In this notation the interaction with spin fluctuations reads
To discuss a singlet superconducting pairing within the model (1) we consider the matrix thermodynamic GF in Zubarev's notation [3] 
in terms of the Nambu operators:
whereσ = −σ. The Fourier transform of the matrix GF (4) can be written as
where
p (ω) = a p,σ |a −pσ ω are the normal and the anomalous components of the GF, respectively. independent of each other. This is given by a decoupling of the corresponding operators in the time-dependent correlation functions as follows
To calculate the time-dependent correlation functions in (15) we use the spectral representation:
where for the Bose-like operators, B q = ρ q , S α q , we use the retarded commutator GFs. Thus, we obtain the following results for the self-energy (14) in the NCA:
where we introduced the normal Σ p,σ (ω) = Σ * components of the self-energy (14) . The latter defines the frequency dependent gap function. We emphasize that in the self-energy (18) , (19) the spectral functions are defined by the imaginary parts of the full electronic GF (13) and the corresponding bosonic GFs. The kernel of the integral equations for the self-energy has the same form as in the Eliashberg theory:
The electron-electron interaction mediated by charge (phonons) and by spin fluctuations for the normal and the anomalous self-energy components is defined by the functions (see Appendix, (74), (75))
It is assumed that the dynamical spin susceptibility for the spin-fluctuation scattering in a paramagnetic state is isotropic and therefore
The derived equations for the self-energy (18), (19) are equivalent to the Eliashberg equations [5] for phonon-mediated electron coupling and spin-fluctuation coupling considered within the temperature diagram technique (see, e.g., [14] where both the spin-singlet and spin-triplet pairings within the s-d model were studied for various types of magnetic ordering). In particular, to obtain only a single-phonon contribution to the self-energy one should consider a linear approximation for the dynamical structure factor of the lattice vibrations S(q, ω) = ρ q |ρ † q ω in (21) . Effects of the long-range Coulomb interaction can be also considered within this method as described in [6] .
The imaginary Matsubara frequency representation used in the temperature diagram technique follows from the equation
where iω n = iπT (2n + 1). By using the spectral representation for the retarded GFs,
we obtain the imaginary frequency representation for the self-energy (18), (19):
where (+), (−) in the interaction function (21) refer to the normal Σ 11 p (iω n ) and anomalous Σ 12 p (iω n ) components of the self-energy, respectively.
A formal solution of the Dyson equation (13) for the matrix GF can be written in the conventional Eliashberg form:
where the odd and even in frequency ω self-energy components determine the Eliashberg functions
By writing the matrix self-energy (14) in terms of the Eliashberg functions
we obtain an equivalent to (18) , (19) self-consistent system of integral equations
The imaginary frequency representation for these equations readily follows from (24) , (26) . Solution of the system of equations was considered in a number of papers and reviews (see, e.g., [15, 16] ).
Here we consider only a weak-coupling approximation (WCA) which results in the BCS-type equation for the gap function (30). In WCA the kernel of integral equation (20) is evaluated close to the Fermi energy for the energies |ω, ω 1 | Ω b µ as follows
where the interaction is defined by the static susceptibility
for spin-fluctuations, χ zz sf (q) = −Re S z q |S z −q ω=0 > 0 and charge fluctuations χ ph (q) = −Re ρ q |ρ † q ω=0 > 0. In this approximation we have Z p = 1 in (28) and ξ p 0 in (29). Therefore, for the quasiparticle spectrum in (30) we can write
which results in the following equation for the gap function Φ pσ = Φ pσ (0):
The integration over p is restricted for the phonon contribution by |ε(p) − ε(p ) 
Superconductivity in strongly correlated systems
In recent years, in connection with studies of high-temperature superconductivity in cuprates, a pairing theory in strongly correlated systems was investigated by many authors (for a review see [17] ). As it becomes evident, the AFM spin fluctuations in cuprates play a major role in superconducting pairing as originally has been proposed by Anderson [18] . Here we briefly discuss a pairing theory developed within the GFs method for an effective p-d Hubbard model [10] and the t-J model [9] .
Effective Hubbard model
Dyson Equation
To discuss superconducting pairing in cuprates, instead of the original Hubbard model [19] we start from a two-band p-d model for CuO 2 layer [20] . This can be reduced within the cell-cluster perturbation theory [21] [22] [23] to an effective two-band Hubbard model with the lower Hubbard subband (LHB) occupied by one-hole Cu d-like states and the upper Hubbard subband (UHB) occupied by two-hole p-d singlet states as given below
where X nm i = |in im| are the Hubbard operators (HOs) for the four states n, m = |0 , |σ , |2 = | ↑↓ , σ = ±1/2 = (↑, ↓) ,σ = −σ. Here E 1 = d − µ and E 2 = 2E 1 + ∆ where µ is the chemical potential and ∆ = p − d is the charge transfer energy (see [21] ). The superscripts 2 and 1 refer to the singlet and one-hole subbands, respectively. The hopping integrals are given by t αβ ij = K αβ 2tν ij where t is the p-d hybridization parameter and ν ij are estimated as: ν 1 = ν j j±a x/y −0.14, ν 2 = ν j j±ax±ay −0.02. The coefficients K αβ < 1 , e.g., for the singlet subbands we have t eff K 22 2tν 1 0.14t and the bandwidth W = 8t eff . Since the ratio ∆/W 2, the Hubbard model (35) corresponds to the strong correlation limit. The HOs in (35) obey the completeness relation X 00
which rigorously preserves the constraint of no double occupancy of any quantum state |in at each lattice site i. The HOs have the following multiplication rules
and obey the commutation relations
In (37) the upper sign stands for the case when both HOs are Fermi-like ones (as, e. g., X 0σ i ) and the lower sign for the Bose-like ones, as the spin or charge density.
To discuss the superconducting pairing within the model Hamiltonian (35), we introduce the four-component Nambu operatorsX iσ andX † iσ and define the 4 × 4 matrix GF
To calculate the GF (38) we use the equation of motion method as in section 2.1. Differentiation with respect to time t of the GF (38) and the use of the Fourier transform as in (6) result in the following equation
where χ 2 = X 
It is important to point out that contrary to the spin-fermion model (1) , in the Hubbard model there is no dynamical interaction of electrons with spin-or charge fluctuations. The nonfermionic commutation relations (37) for the HOs generate these interactions as has been pointed out already by Hubbard [19] . For instance, the equation of motion for the HO X σ2 i reads
where B αβ iσσ are Bose-like operators describing the number (charge) and spin fluctuations:
To separate a mean-field type contribution to the quasiparticle energy in the equation of motion (39), we employ a Mori-type projection technique by writing the operatorẐ iσ as a sum of a linear part and an irreducible part orthogonal to it,Ẑ (ir) iσ , which originates from the inelastic QP scattering:
The orthogonality condition {Ẑ (ir)
iσ ,X † jσ } = 0 provides the definition of the the frequency matrix:
The frequency matrix (45) defines the zero-order GF in the generalized MFA. In the (q, ω)-representation, its expression is given bỹ
whereτ 0 is the 4 × 4 unity matrix. Differentiation of the many-particle GF (39) with respect to the second time t and the use of the same projection procedure as in (44) result in the Dyson equation for the GF (38). In (q, ω)-representation, the Dyson equation reads
The self-energy operatorΣ σ (q, ω) is defined by the proper part of the scattering matrix as described in previous section that has no parts connected by the single-particle zero-order GF (46):
The equations (46)- (48) provide an exact representation for the GF (38). However, to calculate it one has to use approximations for the self-energy matrix (48) which describes the finite lifetime effects (inelastic scattering of electrons on spin and charge fluctuations).
Mean-Field Approximation
In the MFA the electronic spectrum and superconducting pairing are described by the zeroorder GF in (46). By applying the commutation relations for the HOs we get for the frequency matrix (45):
whereω ijσ and∆ ijσ are 2 × 2 matrices for the normal and anomalous components, respectively. The normal component determines quasiparticle spectra of the model in the normal state which have been studied in detail in [21] . The anomalous component defines the gap functions for the singlet and one-hole subbands, respectively, (i = j):
where the number operator is N i = σ X The same anomalous correlation functions were obtained in MFA for the original Hubbard model in [24] [25] [26] . To calculate the anomalous correlation function c i↓ c i↑ N j in [24, 26] the Roth procedure was applied based on a decoupling of the operators on the same lattice site in the time-dependent correlation function: c i↓ (t)|c i↑ (t )N j (t ) . However, the decoupling of the HOs on the same lattice site is not unique (as has been really observed in [24, 26] ) and turns out to be unreliable. To escape uncontrollable decoupling, in [25] kinematical restrictions imposed on the correlation functions for the HOs were used which, however, also have not produced a unique solution for superconducting equations.
To overcome this problem, we calculate the correlation function X 02 i N j directly from the equation of motion for the corresponding commutator GF L ij (t − t ) = X 02 i (t) | N j (t ) which can be solved without any decoupling. This results in the following representation for the correlation function at sites i = j for the singlet subband in the case of hole doping [10] :
The last equation is obtained in the two-site approximation, m = j, usually applied to the t-J model. The identity for the HOs, Xσ 2 j N j = 2Xσ 2 j was used as well. This finally enables us to write the gap function in (50) in the case of hole doping as follows
The obtained gap equation determines the exchange pairing as in the t-J model with the exchange energy J ij = 4 (t 12 ij ) 2 /∆. In the case of electron doping, an analogous calculation for the anomalous correlation function of the one-hole subband (2 − N j )X 02 i
gives for the gap function ∆
. We may therefore conclude that the anomalous contributions to the zero-order GF (46) can be described as conventional anomalous pairs in one of the two Hubbard subbands. Their pairing in MFA is mediated by the exchange interaction which has been studied in the t-J model (see, e.g., [7, 9] ).
Self-Energy
The self-energy matrix (48) can be written in the form
where the 2 × 2 matricesM andΦ denote the normal and anomalous contributions to the selfenergy, respectively. The self-energy (53) is calculated below in NCA as in section 2.2. This is given by the decoupling of the corresponding operators in the time-dependent correlation functions for lattice sites (1 = 1 , 2 = 2 ) as follows
Using the spectral representation for these correlation functions as in (16), (17), we get a closed system of equations for the GF (38) and the self-energy components (53) which is similar to the system of equation for the fermion-boson model in section 2.2. Below we consider explicitly only the self-energy for the singlet subband (UHB) which is relevant for hole-doped curates. The normal, M 22 σ (q, ω) , and anomalous, Φ 22 σ (q, ω) , diagonal components of the self-energy in the SCBA approximation read:
The kernel of the integral equations for the self-energy is defined by the equation similar to (20)
where the interaction function reads
The kinematic interaction is defined by hopping matrix elements for the nearest, t ν 1 , and the second, t ν 2 , neighbors and is given by
, where γ(k) = (1/2)(cos k x + cos k y ) and γ (k) = cos k x cos k y . The pairing interaction is mediated by the spin-charge fluctuations which are determined by the corresponding dynamical susceptibilities
They arise from the correlation functions B 1 (t)B 2 (t ) for the Bose-like operators (42), (43) in (54). As we see, the obtained equations for the self-energy (55), (56) are quite similar for the spinfermion model (1) apart from the origin of the interaction: in the Hubbard model it originates from the kinematical interaction proportional to the hopping matrix elements, while in the spin-fermion model it has a dynamical character with independent coupling constants.
Solution of the gap equation in WCA
Let us consider the gap equation (56) for a hole doped case, n > 1, when the chemical potential is in the singlet subband µ ∆. For energies |ω, ω 1 | close to the Fermi energy we can use the weak coupling approximation (31) to calculate of the contribution from the same subband (the first term) in (56). The contribution from another subband (the second term) is rather small since the one-hole subband lies below the FS at the energy of the order ∆ W . Neglecting this contribution and taking into account the contribution from the exchange interaction in MFA (52) we arrive at the following equation for the superconducting gap in the singlet subband:
where the interaction λ(k, q − k) = |K 22 t(k)| 2 χ(q − k, ω = 0) > 0 is determined by the static correlation function as in WCA (32) . The quasiparticle energy in the singlet band is given by
where ε(k) is the quasiparticle energy in the normal state in the singlet subband [21] . Similar considerations hold true for an electron doped system, n 1, when the chemical potential lies in the one-hole band, µ 0. In that case, the WCA equation for the gap Φ 11 (q) is quite similar to (60).
To solve the gap equation (60) we consider only antiferromagnetic (AFM) spin-fluctuation contribution which is modelled by the following static susceptibility:
where ξ is the AFM correlation length. The susceptibility χ s (q = Q) at the AFM wave-vector Q = (π, π) is equal to the constant χ 0 = 3(2 − n)/(2πω s C 1 ) where ω s J is a characteristic spinfluctuation energy. The constant is not a free parameter but is determined from the normalization condition:
. Let us estimate the superconducting transition temperature T c by solving the gap equation (60) for a model d-wave gap function Φ 22 (q) = ϕ d (cos q x −cos q y ) ≡ ϕ d η(q) in the standard logarithmic approximation in the limit of weak coupling. By taking into account that the spin susceptibility (61) peaks sharply at the AFM wave-vector Q for large ξ, we obtain the following equation for T c :
where λ s t 2 eff /ω s . As we observe, the spin-fluctuation interaction λ s gives a positive contribution to the d-wave gap. Now we should take into account that for the exchange interaction in (62) mediated by the interband hopping with large energy transfer ∆ W the retardation effects are negligible. This results in coupling of all electrons in a broad energy shell of the order of the bandwidth W and high T c [8] :
where λ ex J N (δ) is an effective coupling constant for the exchange interaction J and the average density N (δ) of electronic states for doping δ. The spin-fluctuation pairing in (62) is effective only in a narrow region ±ω s close to the Fermi energy and therefore produces a much lower T c . By taking into account both contributions we can write the following estimation for T c : (60) for the superconducting transition temperature T c (δ) and for k-dependence of the gap function Φ 22 (k) are presented in [10] which qualitatively agree with experiments in cuprate superconductors.
t-J model
Now we compare the results for the original two-band p-d model for CuO 2 layer (35) with the calculations for the t-J in [9] . In that paper, a full self-consistent numerical solution for the normal and anomalous GF in the Dyson equation was performed allowing for finite life-time effects caused by the imaginary parts of the self-energy operators which were neglected in the above calculations in WCA for the Hubbard model.
In the limit of strong correlations the interband hopping in the model (35) can be excluded by perturbation theory which results in the effective t-J model 
where only the lower Hubbard subband is considered with the hopping energy t ij = −t .
Here we introduced the Hubbard factor Q = 1 − n/2 which depends on the average number of electrons n = σ X σσ i . By applying the projection technique as described above we get the Dyson equation which can be written in the Eliashberg notation similar to (25) aŝ G σ (q, ω) = Q ωZ σ (q, ω)τ 0 + (ε(q) + ξ σ (q, ω))τ 3 + Φ σ (q, ω)τ 1 (ωZ σ (q, ω)) 2 − (ε(q) + ξ σ (q, ω)) 2 − | Φ σ (q, ω) | 2 .
The electron dispersion ε(q) in the normal state in the MFA is calculated within the projection technique as discussed above (for details see [9] ). The frequency-dependent functions Z σ (q, ω)), ξ σ (q, ω) are defined as in (28) 
The kernel of the integral equation K (±) (ω, ω 1 |k, q − k) is defined by the same equation (57) as in the Hubbard model where the interaction function reads
